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ABSTRACT

Expressions for the vibratory pressure field produced by an
operating counterrotating propeller system are developed in terms of
first and second blade harmonics of the individual propellers. The
coefficlients of the first and second blade harmonics of a 3-bladed
propeller are expressed in closed form in terms of complete elliptic
integrals.,, It is found that the pressure signal due to a counter-
rotating propeller can be obtained from the summation of the pressure
flelds of its two components as though the two propellers operate as
separate units, since their mutual interference has been found to
contribute little to the total vibratory pressure signal in the near
flelde This study indicates that the counterrotating propeller system
has vibratory characteristics much superior to an equivalent single
propeller having the number of blades of one of its components, delivering
the same thrust at the same RPM at optimum conditions. A study of the
interference effects by means of a two-dimensional analogue indicates
that the effect of the forward propeller on the aft is much greater
than the effect of the aft propeller on the forward propeller.




INTRODUCTION

Counterrotating propellers are an important means of implementing
high-powered propulsive units. It has been generally accepted that, with
this propeller system, propulsion losses are minimum and therefore
efficiency is high. However, because of mechanical complications this
type of propulsion has found little practical applicationy it has been
adopted chiefly for torpedoes. It is the purposs of this investigation
to consider the vibration-producing characteristics of counterrotating
propellers and to compare them with those of a single propeller with the
expectation that counterrotating propellers may show advantages in

reducing vibration,

The pressure field generated by an cperating propeller is mainly
responsible for the vibrations experienced by neighboring boundaries.
In view of present technical developments with continuously increasing
propulsive forces, the vibratory motions due to the pulsating pressure
field may well be expected to increase to a degree which will require
either a drastic change in the stern configuration or a different
propulsion device, Although other considerations such as avoidance of
cavitation and diminution of noise will undoubtedly weigh more heavily
in the selection of a new design than the vibration--causing qualities,
nevertheless it would appear important in future design work to evaluate
these characteristics for the two configurations which are feasible
changes from the usual propeller arrangement, viz, counterrotating

propellers and shrouded or "nozzle" propellers.

Breslin (1) has made a theoretical study of the pressure field
near an operating ship propeller in the open water condition. By using
vortex line theory and representing the propeller blade by three types
of vorticity, a hub vortex streaming aft along the x~axis, a bound
vortex fixed at a position of the blade axis and a tip vortex streaming
aft in the form of a helix, he determined the instantaneous pressure
at any point in the field.

It was found that the total pressure at a point in the field is




purely convectlive pressure (~/a¢/ax) since the impulsive part of pressure
due to the time rate of change of blade position is annulled by part of
the convective pressure. It may be stated, therefore, that the pressure
can be investigated as a steady-state phenomenon depending on the bl ade
position. This fact makes for considerable simplification in the present
investigation. In References 2 and 3, the blade frequency pressure and
velocity fields around a marine propeller due to loading and thickness
effects have been determined in closed form in terms of complete

elliptic integrals. If the mutual interference of the two propellers is
neglected and the results of References 2 and 3 are used, the pressure
field around two counterrotating propellers will be determined as a
function of blade position. In contrast to the case of a single propeller
where only the m-blade frequency need be considered, in the case of two
counterrotating m-bladed propellers both the m and the 2m blade

frequencles (g% and %99 are of practical significance.

In the first part of the present investigation expressions for
the fluctuating pressure signal due :o the counterrotating propellers
have been developed as though the two propellers operate as separate
units without any interference between them. Expressions for the first
and second blade harmonics of the pressure signal have been evolved
for the case of a palr of 3-bladed propellers in terms of complete
elliptic integrals,

The second part of this investigation is concerned with the mutual
interference of blades as they approach and pass each other. The inter-
ference leads to a time-dependent increment of 1ift (thrust) which
averaged over time remains close to zero but instantaneously may be
large although of short duration. This interference effect is studied
under two-dimensional flow conditions which are more amenable to
mathematical analysis than the three-dimensional flow. The magnitude
of the interference effect on the pressure in an actual three-dimensional

case will be much smaller,

The third part deals with the evaluation of the pressurs field
in the presence of 3-0-3 counterrotating propellers. (The first digit
in the designation denotes the number of blades in the forward component,

the second the number of countervanes and the third the number of blades




in the after component.) The expressions evolved in the analysis are

used to determine the coefficlents of the 3rd and 6th harmonics of the
pressure signal due to each 3-bladed propeller separately at 6 different
stations, up to an axial distance of 0.8 of the propeller radius, for four
different tip clearances. By combining the corresponding Fourier coefficients
the pressure signal in the fileld of the 3-0-3 propeller system is determined.
In addition, the case of a single 3~bladed propeller producing equivalent
thrust and having the same RPM as the 3-0-3 system is treated and its
pressure field compared with that of the counterrotating propellers.

This study is prepared under Contract Nonr 263(16), of the Bureau of Ships
Fundamental Hydrodynamics Research Program, Project S-R009-01-0l1, and
technically adminlstered by the David Taylor Model Basin,
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ANALYSIS
Part 1

Simplified Theory for the Oscillatory Pressure Fileld
About Counterrotating Propellers

In this propeller system two coaxlal propellers are situated a
short distance apart and are rotated in opposite directions. Due to the
short axial separation there will be mutual interference between the
two propellers., In this part of the investigation, however, the blade
interference effects will be neglected and the pressure field will be
evaluated as if the two propellers influenced the field separately.

Breslin (1) has shown by vortex line theory and also by use of
doublet distributions that the linearized pressure charge in an other~
wise unbounded fluid due to an operating m-bladed propeller is the sum

of thrust-produced pressure and torque-produced pressure as followst

P _ T Q
T T?
where
P 1 ‘
T, _X s ds (1)
U Tl B
o o0
p 1
and T?" - ?'Jw—ﬁf r s;na ds (2)
o o

T' = thrust loading coefficlient = T/ﬂb2 where T 1is thrust and
b propeller radius

m = number of blades

J = %ﬁ = advance ratio, where v 1s the velocity of advance




n = r;p.s. and D = propeller diameter
Ro- (x2+r2+52— 2rs cosa)l/g
x,r,v = cylindrical coordinates of the fleld point in the fluid at
which the pressure signal 1s calculated.
o =8 -y, where 8 1s the blade position angle.

s is dimensionless blade span.

The foregoing expressions (1) and (2) are referred to a coordinate
system with the origin at the propeller center (Fige 1) and all the linear
dimensions are multiples of the propeller radius b .

In the counterrotating propeller configuration, the origin of
the coordinate system is taken on the axis of rotation midway between
the propeller mid-planes, i.e. at a distance X, from the forward
and aft propeller, respectively. The x-axis is taken along the axls

of rotation opposite in direction to the main stream flow (Fig. 2).

Since Eqs. 1 and 2 have been developed by making use of the
results of the linearized theory, the instantaneous pressure signal

of the counterrotating propeller confliguration will be given by
- D), (0, ), p2)
P (PT * P )+ (Pp"7+ P ) . {3)

where the forward and the after propeller are designated by superscript
1 and 2, respectively, and P%'Z and Pé’z are as given in Egs. (1) and (2)
with the only difference that x should be replaced by x - X, for

the forward propeller and by x + X for the after propeller.

An important aspect of the pressure fleld 1s revealed by seeking
the contribution at m and 2m frequencies. The total pressure signal
at any given point of the field will be expressed in terms of Fourier

coefficients as

i=2 . ® \ 1 m-1 i 1
%—- Z{ZAkcoska + Z Zﬁ cosk(0+2—;n}+

i=1 ™ k=0 n=1 k=0
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i i , i 1 o
Z{Z Bksinku + z ZBksink(u +=n } (4)
i=1 \k=Q n=1 k=0

where ai- ei-y = the instantaneous angular position of the blade relative
to the station where the pressure signal is determined. In the first
summation over 1 , 1 and 2 correspond to the forward and aft propeller,
The second summation over k glves the contribution of all harmonics

and the third summation from n =1 to m- 1 arises through the
inclusion of the contributions of the other m - 1 blades which are

spaced at angular intervals of g%»; i% etc,

It is shown in Appendix A that

n=m-1
% ‘ 1, 2n i ‘
cos k(a™ + —E-n)- - cos ka for k not an integer multiple
n=) of m.
(m=1)cos k ol for k an integer multiple
of mo
and
n=m-1 -sin k ai for k not an integer multiple
E: sin k(qi+ 2% n)w= of mo.
n=1
(m-1)sink ui for k an integer multiple
of m.

For the case of k a non~integer multiple of m, P =0 so
that there is no contribution to the pressure signal from the harmonics
which are not integer multiples of the blade frequencies. The only
terms which contribyte to the pressure signal are harmonics of m a)

or higher multiples of m q , which are known as the harmonics of




[
: !

S

v

ET

§ i i et !

—d

i

Fnanl |

the blade frequencies. Therefore, the total pressure signal will be

given as
i=2 ® 4 i=2 ® { {

m-—--m z ZA cosnma+mZZBnmsinnmu (5)
i=1 n=l i=1 n=1

When only the first two blade frequencies are considered,

p o pp (1) (1) (2) (2) (1) (1) (2) (2)

+ + +
i & et A cosma A cosma B, sinma B, sin m ¢

+ Aé;)cos 2ma (1 ) (2)c052m (2 )+B§;)sin 2ma(1)+8§§)81n 2m a(z)

(6)

for the two components of

(1)

The angular blade positions ¢ and a(2)
the counterrotating configuration change with time according to the

relationship
s 4@ ”
dt dt

since both are potating with the same angular velocity w around the same
axis but in opposite directions. Then the angular blade position of the
after propeller is given in terms of the forward by

(2), (1)

a = qa - 2wt+c

where ¢ 1s a constant depending on the initial conditions. Under the

assumption that at t = 0, a(l)- 0 and 4(2)- 2 s the above relation
becomes
\
c(2/- “(l) 2wt + 2_;'1

It is of interest to examine the situation at two instants of
time, when the blades are in alignment (in phase) and when they are
farthest from alignment (out-of-phase). The in-phase condition will




exist when

(1), ()

"
a a or t = — (7

and the out-of-phase condition will be given when

S, ), or b= L (8)

=

i.e. when the blades of the after propeller bisect the angles between
the blades of the forward propeller. For the in-phase condition, the
total pressure signal will be given (see Appendix B) by

p (1) (2) (1) (1)  (2) (1)
- (Am + Am Jcos mg 4+ (A2m + A2m )cos 2m g
(1) () (1) () (2) (1)
+ (Bm + B )sin mq  + (52m +B, )sin 2m o (9)
i i 1 i
where Am R A2m » Bm and 82m are the m and 2m harmonics of the

Four ler series representing the expressions for the pressure components
of Eq.(2). For the out-of-phase case, the total pressure signal will
be given (see Appendix B) by

p (1) () 1) 1) (@) (1)
v " (Am - A ) cosmg + (A2m + Ay Jcos 2m ¢
(1) (2) (1) (1) (2) (1)
(Bm - B ) sinmg + (B2m B, )sin 2m ¢ (10)

Therefore for all instants at which the blades are in coincidence the
pressure signal contains m-blade frequencies as well as 2m-blade
frequencies, whereas out-of-phase it seems that the m-blade signals
tend to cancel each other leaving mainly the 2m=frequencies. As

will be seen later on from the calculations, the cancellation will

occur at large distance from the propeller plane.

In order to calculate the pressure signal at any point in the
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fleld by means of eq. (9) and (10) it is necessary to evaluate the
Fourier coefficients for the first and second blade frequencies in
advance. Thils can be done by restricting our attention to the
pressure fleld near a single m~bladed propeller. Then the general
expressions which have been developed may easily be transformed to
equivalent expressions for the description of the pressure fileld due
to a pair of counterrotating propellers at a distance :_xo from
the new origin (Fig. 2).

As demonstrated in Reference 2, for the case of 3~bladed
propellers the thrust contribution contains only cosine terms and the
torque contribution only sine terms. It was found in that reference
that the Fourier coefficients of the first blade harmonic of the
pressure signal due to the loading are given by

5 4 Ty 10r
Ay =~ c, scr {Ia[r+l+ -n-(r+1)+ ?(rﬂ)] Ib[2r+ =+ F r)

) Ao[4'r1+5 ) 4(r£l)] [8r+16 A [16]} W)

n

for the cosine term and
B= ¢, 2L ¢ s 3reze $244 b s X
3 1w z?ﬂ n 35# ™=

4r+4 8r

+ ——[22r+16+ -

A
- z%[3r+3*

A, A ‘ |
- gl 48r+16]+ 22 [32r]} (12)

for the sine coefficient, where

4

1/2 1 2
(1+x2+r2 / (1+ K2 ) / x




cl = %F (the coefficient of the torque component)
c, = %- (the coefficient of the thrust component)
L 2. _2r 2, 2%
» —_—s ] = e—
i L+xZer? 1+k°
2 2 2 2
a B
Ia= 2 2H(Q nk')" > ZI—I(B ,k')
a B a -8
1 2 1 2
b 5 [J(a"k)- 5 [Ja"k)
a ~8 a ~f
A F(') A —is [(F(k')- E(k")] (13)

(x1)?

2

' -
2m(1+k'7)A, +(1-2m)A, .
(m integer)

A =
2m+2 (2m*l)(k')7

II(Q2,k'). II(52,k') are complete elliptic integrals of the
third kind
F(k') and E(k') are complete elliptic integrals of the first

and second kind respectively

2
ra
{ }- 2[-n_:\/n2+n‘]
o
B

and other symbols are as defined in eq, (2).

In Appendix C, the general procedure for determining the

- coefficients of the second blade frequencies of the pressure signal

due to a 3-bladed propeller and the evaluation of some representative
integrals are demonstrated. The results ares

for the cosine coefficient,

- 10 -




3 2 1/2 5/2 . 3/2
A= 2¢ {-32(14 %) + 48(1+ %) -18(1+ %)+1+32(%) (1+ %) -32(%)(1;1-)

6 ““2
1/2 1/4
w6 &) (e D }

N
F2{- 1 ln0e Hetss 20 Koo B0 L5 o0 20 X

+

- + 21, (201805380 Do 24,0 (00 D)+ 10330 e la0s Dy 33)
~an [48+ Z1)+ L(gor 2D)+ -:?(32+ 9]
+64A,[ (11+ %)+ ;1‘-(13+ g)+ 2:2]- 128 Al (8+ 1-3)+ %(a+ ;2_.)]

5 1 1
-- +512 Ae[ 1+ Tt F]- 1024 AlO[;] } (14)

4
where A\ = /3

172 2
(1+x +r ) (1+x°)

and for the corresponding sine coefficient,

1 2¢, 1/2 1.3 1/2 2 /2 1/2
L Bg= <—4 32 n (1+ E) + 64 n (14 F) +38n (¢ E')' 6n -
| 1.5/2 1.3/2 L 1/2 .

- - 32(1+ F) + 48(1+ ?{) - 18(1+ F{) + (—1*_5:[7’2} +
;

B . °1°”{_ [ [6T*6 , 38r+32 , 64rs32 32r] L i2 . 64, 68y

- n 2 3 b ;5' ;5

. A°[6r+6A 38r532 . 64r;32 . 3221
n n n

P

-1] =




© b

- A2[152r+l40 , 256r+192 128r+64] (15)

n 2 3
n n

1176r+896 768r+384 128r
+ + ]
n n2 n3

+ A4[

4096r+2304 | 1024r+256]

n 2
n

-A6[

7168r+2560 | 512r]

+A8[ n n2

6144r+1024 2048r
Aol 1+ ALl ']}'

Expressions (11) (12) (14)and (15)have been used together with eqs.
(9) and (10) to evaluate the pressure signal of the 3-0-3 counter-
rotating propeller configuration. At x = O , these expressions show
signs of indeterminacy but after straight-forward manipulation in

conjunction with a limiting procedure they are reduced toi

Ay= O Ag = 0
4r :

By= — clcv{ - 3Ao(r+1)+2(llr+8)A2-16(32r+l)A4+32rA6} (16)
clc'

Bg= —o— Ao(6r+6)-A2(152r+l40)+A4(ll76r+896)

-A6(4096r+2304)+A8(7168r+2560)

-A

10(61441‘*1024)4-1\12 (2048r) }

where c' =

1
172 1/2
r2(l*r2) (1+k2) /

In spite of the fact that closed-=form expressions have been
developed for the fluctuating pressure signal near the counterrotating

propeller, the numerical method described in Reference 4 is used in the

-12 -




present work since a coding program fur the evaluation of the total

instantaneous pressure signal was available for the ELECOM 100 computer.

Hence, as in Reference 4, the total oscillatory pressure "signature"
for a single blade is plotted for the angular interval -w to w . Since
the pressure equation is linear the contribution of individual blades
can be super imposed and the result for three blades, for example, can

be obtained from that for a single blade by summing the contributions

"of the one blade at three 120° intervals. The resulting composite

curve which has a cycle of 120° for three blades, can be analyzed

harmonically by a 24-ordinate numerical procedure.
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Part II

Approximate Evaluation of Pressure Fluctuation
Arising from the Blade Interference Effects

In the previous section the vibratory pressure field arising from
the m-0-m counterrotating propeller system has been evaluated as if the
two propellers operate separately. It 1s known, however, that because
of the small axial distance between the two propellers their mutual
interference will develop a pressure field which will give rise to
a time-dependent 1ift, It is believed that as two blade sections
approach and pass each other in relative motion this time~dependent
lift remains on the average very close to zero, but instantaneously
it may be large although of short duration. The interaction phenomenon
can possibly produce strong fluctuations in the close proximity of the
propellers and therefore it should be included in the analysis of the
oscillatory pressure field of counterrotating propellers, A study of
this interference phenomenon as a three-dimensional unsteady flow
problem is mathematically untractab’e. It has been decided therefore
to study this phenomenon as a two-dimensional problem with the thought
that if such contributions to the pressure can be shown to be small
then they can be safely assumed as small in the actual three-dimensional
case. It 1s known that in the three~dimensional mathematical model
(with finite span), which is described by a bound vortex line and free
vortex shed from the tips of the wing, the induced velocity field is
of smaller amplitude than is that of the corresponding two~dimensional
model with inflinite span represented by a lifting line, The trailing
vortex reduces the angle of attack of the incoming flow, and consequently
the 1ift and the generated pressure will be diminished.

The two-dimensional problem that is perhaps most closely
related to the one posed by the motion of the propeller blades is
that presented by two arrays of finite-chord foil sections moving
with the same angular velocity § but in opposite directions as shown
in Fig. 2b. It is, however, more convenient to study these effects

as of the relative motion of one cascade with respect to the other.

- 14 -
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If the string of blades of the forward propeller is assumed to be

fixed in space the cascade of the after propeller blades will then

be moving with angular velocity 2& . This sort of blade arrange-

ment is identical with that encountered in the stator and rotor cascades

of axial-flow machinery.

In order to preserve as many as possible of the geometric and
kinematic characteristics of the three-dimensional problem in this two-
dimensional model, so that the latter will become a reasonably useful
analogue, it will be assumed that the geometric blade characteristics
are those existing at the effective radilus be= 0.7b of the propeller.
The blade spacing d will be determined as

m
S,Y

where m 1is the number of blades in the propeller and subscripts s
and r refer to the stator and rotor respectively. The incoming flow
to this cascade arrangement has a velocity V in the axial direction
equivalent to the speed of advance and a tangential velocity equal to

the product of effective radius and angular velocity.

This two-dimensional analogue has been studied in Reference 5
as a useful model for evaluation of the induced effects on the blades
of a typical turbomachine moving through a nonuniform field disturbed
by the stationary blades, The results of the theory of a single thin
airfoil in non-uniform motion have been utilized in order to calculate
the resulting unsteady effects on an infinite cascade of blades moving
with respect to a stationary row of blades (stator). Expressions have
been developed for the induced velocities and the lift on a single
rotor blade due to the steady-state circulation distributior of each
and every stator blade as well as to the effect of the vorticities
shed by the stator blades and for the lift on a single stator blade due
to the steady~state circulation distribution of each rotor blade, Both
flat plate and elliptic distributims of the steady circulation are

assumed in Reference 5,

One must keep in mind, however, that in reality the stator-

- 15 =
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rotor interference problem is much more complicated and many more
factors are involved than are treated in the above reference. Each

foil is influenced by 1) its own wake, 2) the variable bound vortices
of the fellow members of its own blade row, 3) their wakes, 4) the
variable bound vortices of members of the other blade row, 5) their
wakes and finally 6) by the displacement effects of the blades, since
each blade is of finite chord and thickness, The problem can be

Y igorously treated by solving a pair of integral equations which state
the requirement of the boundary conditions on the stationary and moving
blades, viz, the tangency of the flow along the moving blades and zero
velocity across the statlionary blades. The solution of this system of
integral equations will determine the circulation distribution (loading)
of each blade and the corresponding pressure field generated by the
mutual interference of the blades will thus be obtained,

r In Reference 5 Kemp and Sears have shown that the velocity,

v 7, Induced at a rotor blade by the motion of the steady stator
circulation ors is given by

9.

Y iv mt
1 e o b g 2tm r b
v (xr,t) -, _§E; + I?E;' Zl G~ exp (~‘—E; e xr)e (17)

where

1o d ia mmo_d b
r _ o rr Y s - rr ‘ - iv 2 iu
== °"P{ g [ (et tena, - o) v;]}

) X




Jo,Jl-

X, y™

Jo(mxs)+ 1J1(mxs) for the case of a flat-plate

distribut ion
ia
2ie °©
- J, (m\) for the case of an elliptic
wasm 1 s
circulation distribution
2cr 2cs
solidity of row, oI and L solidity of
rotor and stator, respectively. s
+1(u/2-as)
foe
S
circular frequency of motion = 2%!
[

axial distance between the propeller planes

angle of blade stagger (the complement of the effective
pitch angle)

rotational speed of rotor, positive down

inflow speed rdative to blade

Bessel function of zero and first order, respectively.
Cartesian coordinates of point in space referred to a
system of axes fixed in the blade with the origin at the
center (see Figure 2b) and with positive x in the
direction of the trailing edge.

As mentioned before, the additional effects on the rotor blades of the

vortex wake shed by the stator blades are also taken into gccount in

the above reference. In this case the induced velocity v 2 (r2

indicates the effect of wake vorticity) at the rotor blades is given

in complex

Fourler series form bys

P — s o —-—— o — —— s —_ - — - . [ ——

1]
T
2
v ‘= }; }E Vo, €XP [ivrk(t- xr/Vr)] (18)
m k
where
r (vsdr k
oF b U Y < V‘rTS) m
Ymk" T ascos a_ exp [-immo, (Vscrcos a_ * V;)+'wrk] F > v, >
1+cot“p[1- TI o secf]
% 0

mr- vrcr/Vr = reduced frequency




F =G [Jo(xsm)- 1 Jl(xsm)]

no d % b
s s s Y P - i
Gm = 3 e Hm exp {—nmor[Cr(l* i tan Gr V oS 0. ]}
Y
[ Jo(mxr)+ iJl(er) for a flat plate circulation distribution
Y
Hm =< "iur
cle J, (mx_) for an elliptic circulation distribution
L norm 1 r
-i(n/?-ar)

and A\ = Wg e
Y Y

}: = summation over the number of blades. Theoretically m varles
m from one to infinity, however only a ;ew terms of the series

contribute to the induced velocity v
1

2: = summation over k from - ® to ® omitting k=0 ,
k This summation actually indicates that the vortex wake
shed by the stator is made up of the superposition of
waves of all harmonics from - ® to + ® .
Finally the expression of the velocity v at the stator blade induced
by the motion of the steady rotor circulation OPr is given in
Reference 5 as
~ -ia -iug ivsmt

s L0 e 2mm |
v (xs:t) Py 2wc E: G exp -TT—e xs) (19)

where X is referred to a system of axes fixed in the stator blade
positive toward the trailing edge, v_= 2TrU/'dr and the other symbols

are as defined previously.

The foregoing expressions for the induced velocities at the
rotor blades and stator blades can be written in a more convenient
form by replacing the exponentials with well-known series, For

instance, the exponent which appears in eq. (17) can be written as




9—-—1?._.-

P —

‘a 3 _
ia ¢ x i(n/2 ar)
g’.rﬂx e = 1(2ﬂm_£)~le
d Y d c
s s r
m X
- ip, -
rlCr
m 2wme -i("/é - ar)
where . = I e (20)
T d
1 s

the corresponding exponen%ial is written as

ia —iur cos8 @®

m n m
2 1
exp (- —am e xr)= e = Jo(p.r )+ 2 E: (-1) Jn(ur )cos n@é
s 1 1
n=1

Therefore, the unsteady induced velocity on a rotor blade due to the steady
state circulation, i.e. eq. (17) restricted to the time-dependent term

alone,will be given by

r s 1v_mt ®
! oF r r m n m
A T E: G e Jo(ur )+ 2 }:(-i) Jn(ur Ycosn® (21)
r m 1 n=1 1
where all symbols are as defined in eq. (17) and eq. (20).

In a similar fashlon the unsteady induced velocity at a rotor
blade due to the vortex wake shed by the stator blades (see eq, 18) and
the velocity on the stator blade induced by the motion of the steady

rotor circulation will be given by

iv kt

! ®
z Z Ve T [JO Z 1) J (u Jcos n 8] (22)
m k n=

and
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s T s 1ivmt m ® noom
v e z G e (3, ()2 Z (=1) J_(k,)cos ne] (23)
m n-l
respectively, where
k ZﬁkUCr
e (24)
2 Y s
e —i(n/é+as)
m_ S o
p‘s d
r

In References 6 and 7 the acceleration potential of a thin airfoil
oscillating with an arbitrary mode or with an arbitrary velocity distri-
bution has been derived in the & -plane, in which plane a line segment
of the physical =z-plane, from x = -1 to x = 1 , has been transformed

into a circle of unit radius as shown in Sketch 1 .
For an airfoil with an arbitrary velocity distribut ion
iwt n
v(x,0) =We (P +2) (-1) P ) (25)

the corresponding acceleration potential is given by

sing
1 ik ik sin n@
¢ 2UW[C(k)(PO+Pl) Pl] o + 2UW E: (Eﬁipn—l+pn Ty n+l)_—;ﬁ—— (26)
n=1

where C(k) = Theodorsen's function of argument k
] Kl(ik)
Kl(lk)+Ko(1k)

K, (1k) and Kk (1k) = Modified Bessel functions of the second
kind of order 1 and zero, respectively
k = reduced frequency

U = velocity of incoming flow in the direction of the airfoil chord,
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r,,8, = polar coordinates of the field point from the leading

171

edge. (see Sketch 1)

r,8 = polar coordinates of the field point from the center of
the airfoil.(see Sketch 1)

(It must be noted that all linear dimensions in the above formulas
are expressed in terms of the semi-chord ¢ of the foil,)

By the definition of the acceleration AC

potential the pressure signal at any C-PLANE
point in the Z~plane will be given by

P= - pof (27)

and the 1ift distribution on the foil
will be obtained from eq. (27) by putting z
152 cos 8, in eq. (26). Now if Z - PLANE

eq. (25) is compared with the equations

r=l, r

for the induced velocities on rotor or

R
stator, 1t is easy to identify the -1 '
corresponding terms in each case, For SKETCH |
the case of flow (rl) of the steady stator circulatilon past the rotor,

the varjous terms can be identified as follows:

m
k = url
m n
P, = Jo(url) and P = (-1) N

It is easy to show that
ik ik - 1k n=-1 n ik n+l
1t T on Pael = n (-1) P (-1) In 73'(-1) Insl

=0 forall n3>1

Hence the corresponding acceleration potential in the ¥%~-plane will be

given by




oPsVr‘ sinel 4 r ivrmt m m m
g =>E —= 35 6 e Ol I, (b, )= Jp (kg

m
. )1+13, (w )

1 1

The unsteady pressure signal in non-dimensional form Pr /T'
1

at a point with polar coordinates s Gl in the Z~plane will be

given by
Prl 2Vr sinel r m m m ( m
g o () -1 28
- G & > 6, Ol M3y =13, (s DIy )b (26)
m=1

where the propeller disc loading coefficient
S
mpROF
2

l=T -
Uz
has been useds In a similar fashion the pressure signals due to flow
(r2), which concerns the effects of the stator wakes on the rotor, and
to flow (s) of steady rotor circulation on the stator will be given
by the following forms, respectively

P

1
r2‘ 4V sin@ @ @ k

X 1 k ‘
S (ﬁﬁd cos a ) T }: E: Vmk C(ur )[Jo(“% )*ijl(ur )]+1J1(ur )
s s 1 =1 k= -® 2 2 2 2

(29)
and
pq 2vs sinel s m m m m
- - (EEE;"J"?I" EE G < Clu )03 (w)=13, (W )I+ 1 ) () (30)

m

where all the linear dimensions outside the first parenthesis are expressed
as fractions of the semi-chord at Os7be It must be kept in mind that

Pr and Ps are referred to coordinate systems fixed at rotor and stator
foils respectively., The function sinel/il is determined for points

of known polar coordinates in the Z-plane of each foil. It can be
generally stated that the function sinel/}l is the field point function
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which depends also on the geometric characteristics of the propeller

and the remaining terms constitute the loading function.

For computational simplification it will be assumed that at time
t = 0 the center Gf the chord of stator or rotor lies on the x-axis
of the coordinate system fixed relative to ship and the counter-
rotating propeller. Then by a simple trigonometric transformation a
point with coordinates I in the original system will be determined
with respect to the orthogonal axes fixed in the rotor or stator blades

as follows:
For instance for the case when the origin of the blade axes 1s on the

x-axis of the ship the coordinates of a point (xo,yo) will be

X = (xo-bp/Z)cosar +y,sina

y,= -(xo—bp/é)sinar+ Y, COS @
with respect to a system fixed in the rotor, and

x = (xo+bp/2)cos a -y, sina

Y™ (xo+bp/é)sin a -y, oS a
with respect to the stator, where bp is the distance between the two
propeller planes. Since the pressure signal is determined by means of
ede 28, 29 and 30 in terms of sinel/}l (1.e. in the transform <-plane),

the transformation from the physical plane (xr,yr) or (xs,ys) is the

next essential step. For a more systematic evaluation of the field
point function sinel/rl its contours for various values of (xrs' yrs)
have been plotted in Fig. (3). This chart is derived from the 3bukoﬁ§ki

transformation

L=z «V7Po1

where z = x+iy, % = E+im, and x and y are expressed in terms
of semi=chord at the effective radius. The following relations have

been used in evaluating the contours of sinel/rl
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- rl sin Ql

£ = rlcosel -1

The pressure signal due to interference effects between the two propellers
can now be determined by means of eq. 28, 29 and 30 and by the contours

of the field function sinel/r1 .

Numerical calculations are made of the pressures along four
longitudinal transverses at various axial distances for the propeller
configuration 3-0-3 (no. 2714, see ref. 8) with the following pertinent

characteristics

3-0-3 (No. 2714)
No. of blades, m = 3
Diameter, 2b = 0,68 ft.
Semi-chord, ¢ , at 0.7b = 0,186 ft.
Distance between
propeller planes, bp = 0.124 ft.
RPM = 900
Speed of advance = 8,16 ft/éec.

Results of these calculations are presented in TablesI and II.
Table I gives the blade loading factor (ratio of unsteady dimensionless
pressure to the field point function) for rotor and stator blades.
Table II gives the field point function referred to rotor and stator
blades for one position of the effective blade chord. From the products
of stator or rotor blade=-loading and field-point factors for a given
Xy y° are obtained the steady and unsteady dimensionless pressure signals
at that point, per blade of stator or rotor. Figure 4 shows the sum
of the blade-frequency pressure signals due to rotor and stator blades
plotted versus axial distance xo/D = xo/éb for different tip clearances
r /o= yo/%. For the unsteady interference effects two circulation
distributions are assumed, flat plate and elliptic. The results of Fig. 4
have been obtained for the blade chord center arbitrarily placed on the

X =axis (yo- 0).
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If the pressure signal due to the interference effects is compared with
the quasi-steady pressures computed by the method of Part I (see Table
III) for the counterrotating system treated as though the two propellers
operate as seperate units in three~-dimensional flow, it is seen that
up to a distance of 0.4 propeller radius, where the quasi-steady pressure
(three~dimensional) attains its maximum, that pressure is at least
10 times the pressure signal due to the interference contribution. At
larger distances, however, no conclusion can be drawn as to the relative
magnitudes of the pressure signal contributed by the interference effect
and of the quasi-steady signal because the rate of attenuation with
axial distance of the two-dimensional pressure is considerably smaller
than the rate of decay of the three~-dimensional one., It can be stated,
however, that in the actual three-dimensional case the interference

effects will be smaller and will decay more rapidly.

To decide more conclusively about the relative importance of
the interference effect a two-dimensional analogue of the uncoupled
propeller configuration is considered. Expressions for the blade
frequency pressure signal contributed by the forward and after string
of blades operating independently have been developed by W, Jacobs
by a procedure similar to that used in Reference 5 to determine the

corresponding pressure due to the interference effects.

In Appendix D it is shown that the dimensionless pressure
signals at a field point due to the motion of cascades of blades of

the forward and after propeller operating independently are given as

followss

P(l) 4ﬂVR sinel ia +imvt

Rt~ D NETIER CAEN S c(umo(u)-ul(u)]ml(u)}
m (31)

ahd

P(z) anv,  sine o +imvt

" +.l.n;m o Re Z e e [Io(k)-Il(x)]{C(u)[Jo(u)-ul(u)]*ul(u)}
m

(32)




respectively,

where

number of blades

:

Q = angular velocity = 27 (r.p.S.)

V., = resultant velocity along the blade chord

R
\ = 2ﬁmceia
‘ d
2nmce-i("/é-a)
W= =g

and all geometric characteristics are measured at 0.7 propeller radius
and are defined previously. Figure 5 graphically exhibits the comparison
in a two-dimensional mathematical model of the total blade frequency
pressure signal obtained from the motion of the two rows of blades
operating separately with the pressure generated from the interference
effects, It 1s seen from this figure that the propeller interference
gives rise to a pressure signal at most 15% of the corresponding pressure
obtained from the summation of the pressure fields of the two-rows of
cascade blades operating as separate units (uncoupled). From the results
it can be assumed, for practical purposes, that the additional pressure
contributed by the mutual blade interference effects can be neglected,

The limited numerical results presented here indicate that:

l. the effect of the vortex wakes shed by the stator blades on
the rotor (aft propeller) is comparable in magnitude to the effect
induced by the stator (forward propeller) blades themselves,

2., the contribution of the rotor to the stator is small,

3. the interference part of the vibratory pressure signal is
a small part of the total pressure signal in the near hydrodynamic
field and can be neglected for the purpose of this analysis,
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Part III

Calculation of the Pressure Field
Near 3-0-3 Counterrotating Propellers

The vibratory pressure of various points in the neighborhood of
a 3-0-3 counterrotating propeller is determined by utilizing the two
expressions evolved in Part I for the pressure signal when the system

of dual propellers is "in-phase" and "out-of-phase".

In figure (2a) the two 3~bladed propellers are shown to be
located at :;0 with respect to the origin of the coordinate system
fixed on their common axis of rotation at the point midway between the
propeller planes. In the computational work the two counterrotating
components are No. 2714 propellers (Reference 8) whose pertinent
character istics have been given previously in Part II, The distance
between them 1s taken as 0,364 of the propeller radius, i.e. X" +0.182
in radii,

The locations at which the pressure signal is ::valuated are given
in the same figure. The pressure is computed along four longitudinal
traﬂsverses having tip clearances t/ﬁ = 0,1, 0,15, 0,20, 0.30 and at
6 different stations along each layer, having axial distances: xo-O,
0.182, 0,382, 0.482, 0.582, and 0.782 of the propeller radius.

Expressions 11, 12, 14 and 15 which have been developed in Part I
can be used in evaluating the harmonic coefficient of each individual
propeller with special precaution being taken for the axial distance x
For the forward propeller the x is replaced by X=X and for the
after propeller by X+X s since the general expressions have been

derived for the origin of the coordinate axes at a propeller center.

For several stations the coefficients of the first and second
blade-frequencies were evaluated by the developed expressions and their
values were found to be very close to those computed by numerical
methods. However, as was mentioned before, the computational work was
donein entirety on the ELECOM-100 computer, since the coding was available.
The total pressure signal was determined by summing up the contributions
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of three individual blades located at 120° intervals. Then the harmonic
analysis was performed by the convenient numerical procedure described
in Reference 4,

After the ‘coefficients of the first and second harmonics are
determined, the pressurv signal in the field of the 3-0-3 counterrotating
propeller is evaluated by using eq. (9) and (10), when blades are

"in-phase" and "out~of-phase", respectively.

Results for the total amplitude of the first and second harmonics
for the above two conditions have been plotted in Figures 6 and 7 versus

tip clearances, at varilous axial distances,

Cross=-plots of these results are shown in Figures 8, 9 and 10,
where in addition the corresponding amplitudes of a single 3-bladed
propeller producing equivalent thrust and having the same RPM have been
plotted for comparison. The dlameter of the conventional propeller has
been determined by calculations made at theDavid Taylor Model Basin on
the basis of the Troost optimum criteria, for SHP = 15,000 at 200 RPM,
It is found on this basis that the diameter Ds of an equivalent
single propeller is given in terms of the propeller diameter of the
counterrotating system as

Ds = 1,25 DCR

Therefore the corresponding thrust loading coefficient Té of the single
propeller will be given by

Ts 2TCR 2

Tim = -
8
n, 2 n 2 2 (1,25)
Ps 7 Dop(1e25)

) TéR = 1,28 TéR
The amplitudes of the pressure signal generated by the equivalent con-
ventional propeller are evaluated at the same field points at which

the pressure signals of the counterrotating system have been determined.
The results of these calculations are presented in Tables III and IV

as well as graphically in Fiqure 8, 9 and 10. This comparison indicates
that for the first harmonic when the blades are in alignment the vibratory
characteristics of the counterrotating conf iguration are undoubtedly
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superior to the corresponding characteristics of the equivalent con-
ventional single propeller in the immediate nelghborhood of the propeller
feee x/b < 046 and t/d < 0.3. Outside of that region, however, (see

Fig. 8 and Table III) the equivalent single propeller is more advantageous
since the counterrotating configuration in the "in-phase" condition acts
as a single propeller with the same number of blades as one stage of the
duals In the out~of-phase situation, however, the counterrotating

propeller system has always better vibratory characteristics than the

"equivalent single propeller as shown in Figures 9 and 10 and Tables III

and IV. Since the in-phase situation is relatively infrequent, it can
be generally stated that the counterrotating propeller configuration
1s superior to an equivalent conventional single propeller as far as

the vibratory characteristics are.concerned,

Of course, mechanical complications are involved in the counter-
rotating propeller configuration which are not overlooked in selecting
the most advantageous configuration. It must also be pointed out, as
was mentioned in the introduction, that other criteria, like the avoidance
of cavitation, noise reduction, increase in efficiency, should be con-
sidered together with the vibratory characteristics in judging whether
or not the advantages that are indicated for a counterrotating system

counterbalance the disadvantages.

It is interesting to notice from the polar diagram (Figure 1l1) of
the first blade harmonics of the pressure signal as a function of the
observer's position relative to blade overlap, that the pressure
at the lines of blade intersections (in-phase) has the frequency and
the mode of & single propeller having the same number of blades as
one stage of the dual, whereas in the direction midway between the
intersection lines (out-of-phase) the pressure is that of a single
propeller having the total number of blades of the set of two. In
this figure the polar diagram of the pressure is made up of six loops
since there are six overlaps of the counterrotating blades in one
revolution., In the out-of-phase condition, there are six directions

which coincide with the bisectors of the 60° intervals between overlaps,




CONCLUSIONS

This investigation indicates that the counterrotating propeller
system has vibratory characteristics much superior to the equivalent
single propeller having the same number of blades as one of its
components, delivering the same thrust at the same RPM at optimum
conditions, At a distance approximately O.4 = 0,5 of the propeller
diameter from the propeller plane the conventional propeller becomes
‘better than the in-phase counterrotating system, but at instances when
the blades are not in coincidence, a situation which occurs more often
in a complete revolution, the superiority of the 3-0=3 system 1is
evident at points farther away.

This study indicates also that the vibratory pressure signal of
the counterrotating system can be obtained from the summation of the
pressure fields of its two components, as though the two propellers
operate as separate units, since their mutual interference effects
calculated on the basis of 2-dimensional theory have been found to be
a small part of the total pressure signale In an actual three=-
dimensional situation, the contribution of the interference effect
to the vibratory pressure signal will be smaller,

The study of the blade=blade interference effects in the two-
dimensional analogue indicates that the effect on the aft propeller of
the forward propeller with its shed vorticities is much more important
than the effect of the aft propeller on the forward one, hence the
latter effect can be omitted as negligible,
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TABLE I

Pr sin®
TT'/ ( ) per blade of rotor for J = 0.8
l r
With Flat Plate Distribution With E1lipticDistribution
Blade Harmonics of Circulation qQf Circulation

1) Effect of steady circulation of stator

-0057‘ + 15005 -.049 + 10138
1.006 002 + 1,019
1.001 .001 + 1,006
2) Effect of Wake Vorticities Shed by Stator
+,010 + 1,027 022 + 1,010
2 —0004 - 1.037 "0022 - 1.002
Ps sinel
™ / ( = ) per blade of stator for J = 0,8
1l s
1) Effect of Steady circulation of rotor
-.001 - 1,026 -.021 - 1,001

2 -.001 - 1.008 -.002
-.001 - 1.003 ——-
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Field point function

TABLE II

sin@

Y

1

) referred to rotor and stator blades

y /R
(= x/R)
1.2

1.4

1.6

(center of blade chord on xo-axis)

xO/R

.182
.382
.488
.582
. 782
1.6
2.0
3.0
4.0
6.0
8,0

sind

1
(
T

.030
<050
.073
077
.081
.093
.093
.088
.083
.060
.042
.033

.023

.038

055
062
067
.080
.090

019
.033
044
050
055
067
.087

) (—-1)

r l s

«200
167
120
.083
«050
-.005
~.080
~.080
-.070
-.055
-.039
.030

«150
.133
.100
073
050
.013
=.060

«130
.111
.080
067
.050
.020
-.040




TABLE III

First Blade Harmonics of Pressure Signal P/TéR due to

1) 3-0-3 counterrotating propellers of radius b

2) 3~bladed single propeller of radius 1.25b
(equivalent thrust)

Field point position 3~0-3 in-phase 3~0=3 out-of~-phase Single
/T 1 1 T
x,/b /b P/Td P/Thps P/Téow
O 102 0083 b135 '0070
1.3 .060 072 071
1.4 .044 041 .051
1.6 .026 .015 .029
2182 1,2 .097 .063 .47
1.3 .068 .041 .23
1.4 .048 .026 .094
1.6 .027 .012 »035
«382 1.2 W12 041 .16
1.3 .078 .019 .12
l.4 .054 .010 .087
1.6 .028 .006 041
«488 le2 .10 044 .11
1.3 071 .024 »092
1.4 .050 .013 071
1.6 .027 .005 .036
«582 1.2 .082 .039 .086
1.3 .061 024 072
1.4 045 .015 055
1.6 .026 .006 .032
+782 1.2 .047 .024 .041
1.3 .039 .017 .035
1.4 .031 .012 .030
1.6 .020 .006 »020

»
Subscript CR refers to counterrotating propellers




TABLE IV

Second Blade Harmonics of Pressure Signal P,T' due to

CR

1) 3-0-3 counterrotating propeller of radius

2) 3-bladed single propeller of radius 1.25b
(equivalent thrust)

Field point position 3~0-3 (in-phase or out-of-phase)
!
x_o/b r/b P./TCR*

0 2 . .032
3 .019
4 .011
6

.004

1.2 .035
1.3 .020
1.4 011
1.6 .005

.182

2 .041
3 .021
.4 .012
6 .004

«382

1.2 .028
1.3 .017
1.4 .010
1.6 .004

.488

1.2 .018
1.3 012
1.4 .008
l.6 .003

582

.007

. 782 2
3 .005
4
6

.004
.002

»
Subscript CR refers to counterrotating propellers

b

.Single
1
P/T

.027
.043
0028
.0l11

023
.12
.056
.013

.054
«045
.032
.012

.035
029
021
.009

021
017
.012
«006

«007
.005
004
«003
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APPENDIX A

It is known that the sum of a finite geometric series,

l_zn+l

2 n
1+z4z +, .02 = _—i:;—

ie
If z=¢ » it can be shown that

c050+C0S20+4e. COS NO = = %.+ Sin[(n+;/b)e)]

2 sin 8/2
§in6+ sin28+... sin n@ = % cot 6/2 - °°3“2§?,/§}§]

These identities are used to prove that the vibratory pressure is made
up of all the harmonics whose order is an integer multiple of the number
of blades.,

The cosine part of the pressure distribution 1s given by

@® m]l @
%—?--Z Akcoska'vz ZAkcosk(¢+-2—:l-n)
k=0 n=1 k=0

where the first term is due to the first blade and the second is due to the
remaining (m-1) blades,
It can be shown that

m=1 (-1)cos ka when k ¥ integer multiple of m
2n

Z cos k (aﬁ?n) -

n=1 (m=1) cos kg when k = integer multiple of m

A1




}-—--4.

A=2

Proof:
m-1 m=1
2
Z cosk(q+ — n) Z [cos k a cosk 2% n - sin ka sink 2~
n=1 n=1

= cos ka{cos ki" + cos 2 Ei—" + evee + cos(m-1) k2"}

- sink a{sin %T-'- + sin 2 -k—il * eee + sin (m-1) kZ"}

Sin[m-l+%— ki"‘
= cos ka<{~- +
2 sin T%

cos{ (m-1+ il-)k—rznl
- sink a{l cot ﬂ - }

N]

2 "2 stn X2
m
sin2nk cos E—'—- cos 2nk sin ﬁ
1 m w
= coska<{ -~ = +
2 2 sin %

cos 2nk cos 3—% + sin 2nk sin
- sinka{f cot k—" - T }

Zsin—

nk nk

=sin €08 —

= coS§ k i = sin ka 1 cot-kl- o
o8 e I 2sin IX E 2 B sinkt

m

= coska (~1) - sinka (0) = - coska provided that k ¥ integer
multiple of m .




-

.-

-

e

®
Then ?—?f- Z [Akcosku - A coska] = O (no pressure signal) if k ¥ integer
k=0

multiple of m .
If ¥ = integer multiple of m

m=1 m-1
2n
Z cosk (a + — n) = Z [cos ka cos 2mn - sinka sin 2wn)

n=1 n=1

m=-1
- z coska cos 2mn = (m=1) coska

n=1

Then
@® ®

%—,P- = Z [Akcoska+ Ak(m-l)coska]-‘ z Akm coska
k=0 k=1

oY

Total pressure _ .
T Z Akm‘ cos kma

The sine part of the pressure distribution is

® m~1 ®
mpP . 2%n
T,—=ZBks1nka+Z ZBksink(¢+m)
k=0 n=]l k=0
m-1 m=1
Z sink (a+ g—:l—n- - z [coska sin k -2% n + sinka cos k -2—}'1
n=1 n=1
cos(m—l/z)%
= cos ka [%cot%- = ]
2 sin -—n:

A-3




s

sin(m-1/2 )-k—rz-n1
1
+ sin ka [~ = + ]
2 kn
2 sin -E

= = sinka for k f' integer multiple of m and P =0,
If k = integer multiple of m , it can be shown that

m=1
Z sin k(g + 2‘%‘) = (m=1) sinka
n=1

@

mP

Then T m Z Bksinko.

k=0

®

-




APPENDIX B

Expresgsions for the pressure signal due to a system of counterrotating
propellers will be developed at the instances when the blades are in
coincidence, "in phase", and in the "out-of-phase" position. For the
"{n=phase" condition t = -E—m— » whereas the out-of-phase situation occurs

when t--"—-.

2mw
The pressure signal, restricted to the first and second blade harmonics,
is
b () (1) (1) (1)

T - Am cos ma, + A2m cos 2mal + Bm sin mal* 82m sin 2ma1

(2) (2) (2) (2)
Am cos ma,, + A2m cos 2mg + Bm sin ma-z + Bzm 8in 2m2

When t = L
nw

(2) (2)

Am cos ma,= A cos m(al-zmt) -

(2)

= A cos ma
m

1
(2) (2) |
A, cos 2mu.2- An cos2m(¢1-2wt) -
(2)
- A2m cos 2ma‘1
(2) (2)
B, sin ma,* B sin m(a.l-th) -
(2)
- Bm sin may
(2) (2)

B,y 510 2m a, = B, sin 2m(al- 2wt )

2m

B-1




Thexefore
N ACOIE) W (@)
_TT——- {(Am + Am ) cos mgl + (Azm + Azm CO§ 2m cl
(1) (2) (1) (2)
+(Bm ¢Bm )sinmal+(82m#82m)sin2ma
or
W @ Say @2 1) (2
E—T‘;-P—-—-‘\/(Am +A )+ (B B ) cos (mal-tl) +

/(1) ()2 (1) (2)2
(Azm * A2m ) *(BZm *BZm ) cos (2m“1-‘2)

(1) (2) (1) (2)
B +B B, +B
- =l "m m - -1 2m  2m
where cl tan -117_—T57 and ‘2 tan
An *Aa Mo *Aon
The out-of-phase condition occurs at
t =
210
hence
(2) (2)
Am‘ cos ma,* A cos m‘(al- 2wt)
(2)
. - Am cos ma1
(2) (2)

Ay, €08 2m ay= A, cos 2m (al- 2ut) =

(2)

= A2m cos 2m a1

(2) (2)
B sinma, =B sinm (41-2(»1:)

)

B-2
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i

r—  ——

[

(2)
= - Bm sin m )
(2) (2)
By, Sin 2m ay = Bzm'sin 2m (dl- 2wt)
(2)
= BZm sin 2m al
Therefore
D@4y @ (1) (2)
7 = (Am - AL Jcos m a* (A2m A, ) cos 2m a)
(1)  (2) (1) (2)
+ (13In - B )sin m a,* (132ln B, ) sin 2ma

or
(1) (2) '
. (1) (2)2 (1) (2) 2
EL_”#;—__ -ﬂv/:Am - A ) + (Bm - B ) cos (mal-ca)

1 @2 1) (@2
A2m * A2m )+ (B2m * BZm ) cos (2mn1-¢4)

(1) (2)
-1 B -B
where 53 = tan -%&7——E—T§7
A= A
m m
(1) (2)
-1 B + B
¢4 = tan im) ‘?m) - c2
1 2
A2m * A2m
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APPENDIX C

The derivation of the Fourier coefficients of the second blade
frequency of the pressure signal near a three-bladed propeller given by
eqe. (14) and (15) will be shown in very general steps and the most
representative type of integration will be carried out,

After the designated integration with respect to & the instantaneous

pressure signal given by eqs. (1) and (2) becomes

P

T " 02[1 -1 -13+14]+c1[15-16+17] (C=1)

12
where C,= 1/2  C = J/2n

Im x(x2+r‘2)l/2 . Xr_cosa xrzcosza
a

X
I 17z " T & 32 AT 12

2 2
r sina cosa r sina e L sina cosa

" ——17>— Ie=—377 L= =1
5 a el 2 6 a e1 2 7 (x°+r°) a

e =1 + x2+r2- 2r cosa and a = x2+rzsin20

To evaluate the second harmonic of expression (C-1) it is necessary to
find the sine and cosine Fourier coefficients, The cosine coefficients are:

)y
a.l x_cos 6ada
1l = e1 2
-1
w
a= 1 x(xz*rz)l/zcosé ada
2 n a
-l
w
xrcosacostada

U
2

a e1/2




C=-2

f
(Z, = 1 xr2cos2a cosbade
4 a el/?

-7

czg= Czé= C% = 0 since the integrands are odd functions with

respect to angle a
The corresponding sine coefficients ares

Bl = B2 = B3 = B4 = 0 , since they are odd functions with respect

to a .,
1 5
B = i_ Y sinacosasinbada
5 a e1/2
-1
b
B =_l_fr s inas in6ada
6 ) a e1/2

T 2
f Y sinacosasin6ada

J > 2172

i (x"+r°) a

1
B3

él s CLq ceenea CL and B.,, B,seseseB_, are the cosine and sine
1 2 7 17 72 7

coefficients of the components (Il, 12.......17) of eq. (C~1)

On expanding cosba and sinfa 1in terms of cosa and sina the

following representative types of integral will occurs

m
- CO0S a da ™
c 173 whexre m (integer) = O ceeee 6

- (l+x2+r2- 2rcosa)
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o
} m

D = f cos & da m (integer) = 0, 2, 4, 6, 8
m / x +r sin ¢

n

f cosma da ( ) 8
E= m 1nteger = 0 6eescesvce
m (x2+r?sin2a)(1+x2+r2-2rcos a)lii

-7

Evaluation of Cm

Taking m = 6

" ~ n/2

c _f cossa da . 4 cos6¢ da
6 (1+x2+r2-2rcosa)172 (1+x 4'1'2)1/2 (1--k2cosc'.)1/2

With the successive transformations a = 2¢ +n and sin ﬁ - X,
the above integral takes the form:

f (1-251n2g)5f  _ f (1-2x7) -
‘6 W (1-k 251ng) /2 \/(l-x)(l'k' 2)

- -X{A -12 A2+60A -160A +240A -192A1 +64A12}

where all A's can be determined by the recurrence formula of eq. (14)
4

and A\ = + 7
(1+x2+r2 1/2(1¢k2)17?

Similarly

Cy" -x(Ao-aA2+24 A -32A+ 16 Ae)

C,= =A(A ~4A,+ 4 A,)

and Co- - A Ao
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In general

n+l 2 3
¢ - (1) X{AJ G2 e S8 ntn-1iae L3 n(n-z)(n-z)A6+....}

Evaluation of Dm

In Reference 2 it is shown that when m 4s an odd integer
D -o.

In the case m = even, if m = 2 , then

n 2 n/2 - n/2 - ﬂ/?.. D)
D _f cos ada -4 f cpS qda - 4{f de fain ada }
2.2 7 2,2, 2 2.2 7" | 27
2 X +r sina o X +r sin a 0 X +r sin"e o X +r 8in ¢«

-1
/2 v/2
2
'4{ f‘?—g’;a-' f(l'TTx—T)dﬂ}
J Xx+rsinva x +r 8ln’g

(o] (™)

SN

'4fT§9£T'47 fda*"ff
x+rslng r X +r 8in q

- 4 (1-0- -?)f - % f da
+Y sin Q r
{(x2+r2 1/2 _ 1}

provided that x ¥ O .
Similarly

— (r2+x2)3/2 _ 20l e
4 2 3 2

XY Y 2r




e (r24x?) 5/2 (r2+x2 )2 ) (r24x2)? 3
6 " ] 3 Z 7

XY T 2r 8r

In general
T
nm=-2
f—TT"T cos” ~ ada
x“+r
-1
r2+x2 m=3
- r2 Dm_ =5 (last term of D 2)

Evaluat ion of Em

The Em integral will be shown to be a sum cf all three kinds of complete
elliptic integrals. The technique of transforming this integral into the
complete elliptic integrals is given in Reference 2,

If m= 6, then

I ]

6 6
E _f cos ady - 2 cos ad&_ ‘
6 - (x2+r2sin2a)(1+x2+r2—2rcosq51/2 (l#x +r )1/2 2, (1+n sinza)(l-kzﬁosa)l/z

o

2
where n = 52' and k2 = 2r
X 1+ +r

- With the successive transformations
- a = 2¢+n  and then sing = x
56 takes the form

1
- E 7 (1_2)(2)6
6 €
e [1ednx? (1-x2) ] V(1-x2) (1-k '°x?)

where ¢ =

4
A A k'’ =
(l*x2+r2)1/2x2(1+k2)1/2 ’ 1*k2

-

————
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This can be reduced to

E6' C{Ia- 121b+ GOIC- 160 Id+ 240 Ie- 182 I1= + 64 Ig}

1

where Ia- f dx >
% [l+4n'xz(l-xz)]«/QI-xz)l-k'x )

1

I_f x2dx
b :
0 [l+4nx2(1-x2)]~/q1-x2)(l-k(2x2)

1

Ic-f x_dx etc,
( [1+4nx2(l-x2)]«/(1-x2)(l-k'2x2)

In general it can be shown that

)l

2 3 '
£ (0% 10 G2 m ¢ 2w 1 A a2 1gvueens |

a

In Reference 10, by the same general procedure, the various 1I's were
evaluated in terms of Ia' Ib and various A's , They are tabulated below,

1f 8 = [1+anx®(1ex2) ]V (1-x2) (1-k '%5°)

then

L 4
x dx d 1
Icf ) -ﬁAo*Ib*TEIa
0

1
6
T w xdx _ _1 -1 1 1
14 f A mh-wmAs (4n * 1)Ib+ o la
o

1
xSdx _ _ 1 1, 1.1 2 1,1
= - - A - - — — —— —— —
I, f T " T @ AT e w1 B R B,




;———i'——i

10
xT dx 1 _ 1 _ 1 1 _1 ( 2
f A T Zn A6 4n A4 4n(l+ 4n)A2 4n I+ A

4n’" o

i e (0 21 10 100 1,

12
X~ dx 1 1 1 1 1 2
' f S L T G LT T

- (e Des T01a ¢ (35000 e (e Pe(ie FI L,

s

1 1 1 2
s Lae e e 20 g,

14 :
xax_ 1 1 1 1 1.2 |
f < " whow A" w ke i )k

- Lile e (e 301 A R0 2y =(1e 010 3200 A,

+{%ﬁli;(1+ Lye(e 200 (00 30+ 35000 FH 020 %K)]} L

1l (1 2 1 1 2
MR T TIA U TIAL S IR
1
16
X~ dx 1 1 1 1 1 2
f T = - Im Mo T Mo WA wE @A

1 1 1l .1 2 1 1 2
- = [(1+ TE)* ﬁ(l’ 2-5)] A, zﬁ{m(l" E)* m(l* K)*(l’ 2—'-‘-)]&2

Ll re 20l el e 2. L gLy, L
T ErlA T i AR T G A %E)} %

C=-7




a

']

f—.—a

[ — ]

+{§;{§5<1+ (1 21% [3=(1s 1)+ (14 )+ (14 2]

1 2 1 1 1 2
M A Al Sl A et za”} L

1 [ 1, 1 2 2,1 2, 1 1
+ z—n-{ [%—(l+ m)+ Eﬁ(l+ Tﬁ'{)* (1+ 4—5)4- Zﬁ[ (1+ Z?l_)+ zﬁ(l-o- K)]Ia},

where Ia » Ib are given in eqe. (14) and A's by the recurrence formula
(see eq. 14). The results have been written in rathar extended form, in
oxrder to show the structure of the different expressions so that general
rules may be set down for the recapture of an expression from the

preceding one.,

The following generalities can be deduced for the above expressionss

1. The coefficient of I, 1is equal to = of the coefficient of
Ib of the preceding expansion.

2. The coefficient of Ib is equal to the sum of the coefficients

of Ia and Ib of the preceding expansion.

3. The coefficient of A 1is equal to (-%HJ of the coefficient

bf Ib of the mreceding expansion.

4, The coefficient of A2 is equal to the coefficient of Ao

of the preceding expansion, similarly that of A, 1is equivalent

to the coefficient of A2 of the preceding expaﬁsion, that of
A6 to that of the A4 preceding, etc.

5, The highest subscript of A 1in a given expansion is four
less than the exponent of the original integral i.e. (n-4) so

that the A terms are from A to A o
o n-4

With these general rules the result of any integration of the form In

can be written in terms of the coefficients of the previous expansion

n-2
After the three types of integral Cm‘ D and Em which are encountered

C-8




in the evaluation of the second blade harmonic of eqe (C-1) have been
determined, then by a trivial algebraic manipulation the final result
is obtained in the form of eq. (15) and (16).

C-9
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APPENDIX D

by W. Jacobs

This appendix describes the use of the two-dimensional mathematical

w

model of the counterrotating propeller configuration in order to obtain
the pressure signals due to the independent motion of each of the two

cascades of blades representing the propellers,

The coordinate axes are as in Sketch 2,

)}

Y,
‘ l X
Y r

' r
\ ¢

d

s

| A
A

If the fleld point (x,y) is referred to the axes in a blade of an infinite

«
~\"

y

o |
. L
as

F

cascade, then its velocity potential, referred to the singularities (£,0)
on the blade, is given by

nd) cosa ] ok (D-1)
nd) sina = &]

1+] 0+

#(xy) = Z frta-l ly - (1

nwen % [x = (n




where vy
n= Ut
U = rotational speed of the propeller, ft/sec.

the strength of the circulation

the blade number in the infinite cascade and the other

o
L}

symbols are as defined before.
For a flat-plate distribution of the circulation

=°I' c-& (D-2)
Y= wV e

The vertical velocity is then

@®

éﬁ.'° { c-& [x-(7'nd)sing-£]d&
T [x"("l_*_“d)S‘il'\tx'zlz"[y-('f‘;:nd)cos.;q,]2

n=ow =C

or

@
—7:Re Z j\/giz

n:—m —

(D-3)
(x= E)+i(y Te i“*ndej‘l)

Since (x~&) :i(y-'r)e—m:nde-iu)-

o

moga( 3 [l b

ne-o ¢ { ~E+i(y-me io’)}dnnr

-ia ia
de {ﬁed (x- E 3 i(y-'f‘ﬁ-ia)]iinﬂ}

1
But z m coth z
n=-o

Z -2mz
and cothz = 1 + 2 e provided that

R(z)>0 , i.e. %[(x-i)cosa +ysina]> 0

D-2




There are two possibilities:
1) (x=&)cosa * y sina>0

in which case the time-dependent part of eq. (D-4) becomes

- -0 R . C c-% (-2 ne (x-E3iy+ine” )] dE
v Ted ed e Z oz exp ! d X y+ Te
m %¢

or

ia 2nme

T ie -21rme X +12nme X +i2ﬁm\ -
v e e { e f cte J ds]}

ned

Let £ = c cos® , then d& = = ¢ sin6de and when & = -¢, @=n and &= +¢ ,
8= 0 . Then

2nme 1aZ n 2nmeiac cos@
f‘/c-i d€=cf(l-cose)e d de
ia ia
- ‘ 2nmce 2nmce
ol ey ) )
and
. -2nmeiax i2nmeiay -12wmn
of la ) 3 3
ve-— Re}E e e e e [IO(X)-II(X)]
m
ia
2nmce
where A = ——— (D-5)

The velocity distribution along the blade chord will be obtained by setting

y=0 , x = c cos® o Then

D-3




ie

r ia +imwvt
v(x,0)= = &5 Rey. {em e exp (= M€ O[T (A)- 1,(M)]

m

or

r i +imvt @ n
v(x,8)= - 9;,- Rez e e [Io(k)-Il(k)][Jo(u)‘+2 z (-1) Jn(u)cosnel}
m

n=1
-1(3- o) (0-6)
2nme
wherg (T 3 °
v = 2nU/d

By using the .accelerat ion potential, the pressure can be obtained
as before, at any point defined by the field point function (sinO)/i .
The dimensionless pressure signal due to the velocity distribution (6)
is

4nV sine

e oo “%a )ReZ{ [Io(k)-II(X)]{(‘(u){Jo(u)-iJl (w1, () }}

(D-7)

where my = number of blades in the propeller

Q = 2n(r.p.s.)
VR = yesultant velocity along the blade chord
mpﬂor
LI -
T e =

nb

and all geometric characteristics are measured at 0.7 propeller radius.

2) (E-x)cosa * y sina > O in which case the time-dependent part of eq. (4)

becomes

2ﬂmeiax -i2"me 12w mn 2ﬂme

r ia + +
o] d d
v m RGZ{G e e f E }

D-4




Let & = -c cos® , then d& = ¢csin®de and when & = ~c , 620 and & = *¢c ,
8=t , Then

-2ﬂme n 2nmeiac cos8
f«/ c=£ E - cf (1+cos6)e d de
o

ia ia Y
. ,2nmce 2nwmce
- cn{Io(-——-—-——d )+ 1, (R )}

The velocity distribution along the blade chord will be obtained
by settingy = 0, x = =c cos8 , Then

r ia  +imvt i
v(x,8¥ &J Re Z {e * e exp (- g_m_e_:_c_cg_s_e_ )[Io(k)+11(x)]}
m

oY
ia +imvt
v(x,8)= —-ReZ{ = (1 001, 0103 (w)e2 Z(-i) 3, (w)cosne] }
n=1
(p-8)
and
4nvp ia »imvt
- FB“E >ReZ{ (1,001, 01 ey, (w13, (w)] +13, (u)}}
(D-9)

Whether equation (D-7) or equation (D-9) is used to calculater the
pressure signal at a point x,y referred to particular blade~chord axes
depands on the condition

1) (x-c cos®) cosa *+ y sina> 0

or

D=5

— l




D=6

2) (-c cos® - x) cosa *+ y sina > 0O

at that point. It is found that, for the case of blade chord centered
on the xo-axis and for points on the ship's centerplane at r/b = 1,2
and xo/b from O to 8 , eq. (D-7) applies to the after propeller and
eq. (D=9) to the forward propeller.
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